BAS — 102(2024- Onwards) Lecture3 |1

Fresnel and Fraunhofer Diffraction

Diffraction due to single slit

HYDROGEN
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A plane wavefront of monochromatic light is striking a slit of width b.
Every point of b is acting as a secondary source of light.
Equation of vibration of secondary sources at all the points on the slit can be written as
y = asinwt
Let 'ds’ element at a distance ‘s’ from O will produce a disturbance at P as
dy = %sin(wt — k(x — ssinf))ds

OM = ssin@

A corresponding ds element in the lower half of the sliti.e at a distance is —s , will produce a
disturbance

a
dy = ;sin(wt — k(x + ssin 9)) ds

Note that though x in the denominator should also be replace by x + s sin 8but this can be
approximated in denominator but inside the sine function in the numerator.

Note: strictly, x in the denominator should also be x + s sin 8, but the approximation x +
ssin@ = x isvalid in the amplitude (denominator). It cannot be made inside the sine, where
even a path difference of order A changes the phase significantly.

dy = %[sin(a)t — k(x — ssin8)) + sin(wt — k(x + ssin@))]ds

2a
dy = TSin(wt — kx) cos(sksin @) ds

Integrating from 0 to b/2
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2a b/2
y = YSin(a)t — kx) f cos(sk sin @) ds
0

sin(sk sin 8) b/2

_2a (0t — k)
y—xsma) x ksin@

. kb .
sin (? sin 9)

_2a in(wt — kx)
y= x S x ksinf8
ab Sin (kz—b sin 9)
y = —————=sin(wt — kx)

kb .
x 7sm9

Let

_ kb p
ﬁ—7sm

_ sing)
y =4 B

. 2
- <Ao Sm(ﬁ)>

sin(wt — kx)

B

sin?(B)

I = (AO)Z ﬁz

The above is a single slit diffraction pattern.
sin(f) = 0Ois the condition for minima § = nx

tan(B) = Bis the condition for maxima

kb'@—
> sind = nm
_e_n/l
sinf = —
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Note that the intensity minima are occurring at § = nn
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Positions of secondary maxima 8 = (2n + 1)%

r3m) 2 (5m\\ 2 in(77)\ 2
Thusll=lo<smé2)> =;_(;12=10<Smé2)) =%]3=IO(Sm£T2)> =%
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Fraunhoffer diffraction due to N slits

d=a+b
Called the grating constant
Path difference between ray 1 and ray 2 dsin(6)
Path difference between ray 1 and ray 3 2dsin(0)

E, = Eysin(wt — kr)
E, = Eysin (a)t —k(r + dsin(@)))
E; = Eysin (a)t - k(r + 2dsin(9)))

Let
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6 = kdsin(6)
E, = Egel@t=k1) = f pllwt=kr=8) g — g pi(wt-kr-28)
Ey = Ejei(@t-kr-(N-18)
Applying principle of superposition
E= Eoei(wt—kr)(l 4 e—ib 4 p—i28 4 ,,,+e—i(1v—1)5)

1— e—iN6

E = Eoei(a)t—kr) T e_ib‘

5 1-— e—lN6 1-— e—lN6
I'=Eq ~i5 ~i5
1—e™t 1—-e
) 1_e—lN5 1_elN5
I =F, — -
0 1—e-i6 1— el

_ 2 — 2cos(No)
I=E < 2 — 2cos(6) >

. 5 (N§
sin? (—)
_\N2J

(8
sin? (—)
2

I =E?
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Letg=y Thus 1=E§%(g],);)
sin?(Ny)
sin®(y)
sin?(y)

. cin? . cin?
Green: sin“(Ny), Blue: sin“(y), Red: S )

The numerator becomes zero more often than the denominator.

Note the positions where both sin?(y), sin?(Ny) are having minima ( blue and green curve

in2
sin“(N . . . . P . .
above) ——= W) expression is having maxima. These are known as principal maxima.
sin2(y)

Ny = pm (p = 1,2, ... )are the positions of minima, however when p= 0, N, 2N , ... it will give
principal maxima.

Thus condition for minima omitting principal maxima

NS_desinG_
2 2 P

A
dsin =pﬁ
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Width of principal maxima
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Second-order

m=2 principal
L maximum
AN
/ 5t m=1
-~ /ebl‘l 1t
- .__.‘S.._._gl ______ ASS__._._mzo
/ m= -1
m=-2
Light intensity
A
dsin(8 + A9) =nliﬁ
A
d sin 6 cos A8 + d cos 8 sin A8 =n/1iﬁ

. . A

lim dsinf1+dcosf A8 = nl+—

A0 N

A
nl + dcos(6) A6 :nzliﬁ
AO = A
" Ndcos8

Principal maxima becomes sharper as ‘N’ increases.
Maximum number of orders for a given grating

(a+ b)sinfd =m4a

. _ <
sin 8 (a+b)_1
(a+b)
<
m< h

Version 3.0



BAS — 102(2024- Onwards) Lecture3 |11

Absent spectra

When the path difference between diffracted rays from two extreme edges of one space is
equal to an integral multiple of A for a given direction ‘0’ , it will result in ‘zero’ intensity in that
direction.

\Z

A

asinf = mAa
also the condition for the principal maxima (a + b) sin 6 = nA

When the above conditions are simultaneously satisfied the resultant intensity is zero in that
direction.

(a+ b)sind _ni

asin® T mi
b n
—=—_1

a m

When b = a, the width of the opaque region is equal to the width of the transparent region.
n=2m

Thus, 2", 4t 6%, .. order of the spectrum will be missing. Similarly, when b= 2a, 3™, 6", 9t .,
order of the spectrum will be missing. This is known as absent spectra.
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Fresnel Diffraction at straight edge

W
ds o)

Mo

Wl

Consider a wavefront WW' from a source S. The field at P due to an elemental area ds at a
distance s from the pole Mo. Let the electric field for all the points on the wavefront WW' beE,

Eg

dE, =~

sin(wt — k(b + 6))ds

E, = %f sin(wt — k(b + 6))ds
sin(wt — k(b + 8)) = sin(wt — kb) cos(kd) — cos(wt — kb) sin(kd)

E E
E, = Tosin(a)t — kb) f cos(kd) ds — Tocos(wt —kb) f sin(k8)ds

Let
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Acos(8) = fcos(k(?) ds

A sin(0) = fsin(k&)ds

E
E,=—>

E
p=7 sin(wt — kb)A cos(0) — 70 cos(wt — kb)A sin(8)

E
E, = 24 sin(wt — kb — )

b
Intensity
E§
I, = By = 5 A
Let
E(Z) 2 2
I, =E% = ﬁ(” cos(kd) ds] + U sin(ké) ds] )
a+b
— 2
2ab s
Proof:
d=c—b
c?=(a+b)?+a?—-2a(a+ b)cosh
Identity

r? = a? + b? + 2abcosO

92
%= (a+b)2+a2—2a(a+b)<1—?+-~>
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92
~ a? + 2ab + b? + a? — 2a? —2ab+2a(a+b)<§>

~ b% + a(a + b)6?
2

c?=b?+ala+b) (Z)

e (22

(a+b) ,
c~b<1+ 2ab? S

(a+b) ,
=——"s¢
2ab

2 2 2
I, = E,Z, = %([I cos (k (azl_bb) sz> ds] + [f sin (k (aZbe) SZ> ds] )
2 2 2
I, = %(U cos (% (a;}b) 52> ds] + U sin (% (a;}b) 52> ds] )

d=c—b

Let

n(a+b) , v?

A a =n7
B Aab
5T 2+’
s = Aab J
5T Ra+n®

E:  Jab AVRE AT
I, =b_(2)—2(acf|— ) (U cos (n% dv] + [f sin(n%)dv] )

I, = k([P + [S@)]P)
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Fresnel integrals

v 2 v
Clv) = f cos <T[ %) dvS(v) = f sin <T[ v;) dv
0 0

Properties
v v? 1 v v? 1
gl_)rglo i cos <n7> dv=§31_r)1010 . sm(n7>dv=§
c(0)=0 S(0)=0
Coo) = 5 S(o) = >
) = — ) = —
2 2
C(—v) = —-C(v) S(—v) =-Sv)
Cornu Spiral
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sv) |03 ()

0.5
C(v)

O

Intensity due to unobstructed wavefront

Iy = [k([CW)]? + [SM)]D)] %

Consider

o 2
Clv) = j cos (7‘[ %) dv
0 2 ) 2
Clv) = f cos (n %) dv + f cos (n %) dv
—00 0

C(v) = () = C(~)

=1

N| -

Cv) ==+

1

2
Io=k(1+1) =2k
Thus

I

S (CWIP + S

I, =

Intensity due to straight edge
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[oe]

Teage = [2 (O + S|

0

- 5( )5
edge — >\ |2 2 4

—A

Dispersive power and Resolving power

Version 3.0



BAS — 102(2024- Onwards) Lecture3 |18

2 objects visualized with Same 2 objects visualized
poor resolving povver

with good resolving power

rtanmty o
in

0.5 15
Shutt (x|

resolution limits — smaller = better, which is the opposite sense of resolving power

Optical Instrument Resolving Power angstroms
Human eye 0.2 mm 2,000,000 A
Light microscope 0.20 pm 2000 A
Scanning electron microscope (SEM) 5-10 nm 50-100 A
Transmission electron microscope (TEM) 0.5 (nm 5A
. A . . ae
Resolving power=—, Dispersive Power=—
ai aa
Dispersive power of a grating
dsing =nAl

(a+b)cosfdb =ndA
ao n
dA~ (a+b)cos@
Thus, smaller the separation (a+b), wider the spread of the spectrum.

Higher the order higher the dispersive power.

Resolving power of a grating
We had earlier derived the width of the principal maxima as

A

AN = ——
0 Nd cos 0
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Let d6 be the separation between A and A+dA for nth order principal maxima.
dsin(6 + d6) = n(A1 + dA)
d sin(0) cos df + d cos 8 sindf = nA + ndA

dsinf + d cos(6) d6 = nAd + ndA

g = ndA
~ dcos(8)

For good resolution df > A6. For limiting resolution d6 = A8

ndi 2
dcos(f) Nd cos(8)

A

— =nN
"

Thus, resolving power of a grating is independent of the grating constant but increases with
order of the spectrum and total number of lines N in the effective aperture of the grating.

Pure spectrum

Spectrum formed by a grating is pure. There is no overlapping or mixing of colors. This is not the
case with prism spectra.

Normal spectrum

The relative dispersion of two colors is different with prisms made of different glasses. On the
contrary, all grating spectra are similar, therefore diffraction spectrum is also called
standard/normal spectrum.

Rayleigh criterion of resolution

Consider a diffraction pattern consisting of central bright disc surrounded by dark and bright
concentric circular rings rapidly decreasing in intensity. Two, such patterns may be regarded as
separate, i.e., just resolved if the central maximum of one coincides with the first minimum of the
other.
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Emission Spectrum
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Let A and A + d\ be wavelengths of two close lines.

Prism is at the minimum deviation position

A-wu

A+dl->u—du
MA+AN= pBC
MA+AN1= (n — du)BC
AN-AN;=BC dp
NN;=tdp
Also
NN:=CNd6
tdu=CNdo
From the theory of diffraction we know that for the first minimum of A to fall at point I;
do = &
a
Where a is the width of the beam.
tdu = L CN
CN

tdu=21
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td,u_ A
dr dAa
Thus resolving power of a prism
A _tdu
dl~ da

Z_an” be found from Cauchy formula

B C
[1=A+A—2+/1—4+'“
du 2B
dr 23

A dp 2Bt

o T TE

dA

|A|_ 2Bt
dal 23

Websites
Newton’s ring experiment

https://vlab.amrita.edu/?sub=1&brch=189&sim=335&cnt=4

https://javalab.org/en/newton ring en/

https://explerify.com/simulator-newton-ring/

Wave interference

http://phet.colorado.edu

Diffraction Applet
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https://vlab.amrita.edu/?sub=1&brch=189&sim=335&cnt=4
https://javalab.org/en/newton_ring_en/
https://explerify.com/simulator-newton-ring/
http://phet.colorado.edu/
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http://falstad.com

Application

Compact Discs
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