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Wave impedance 

General wave equation 

𝛁𝟐𝒖 −
1

𝑣2
∂2𝐮

∂t2
= 0 

𝑣 =
1

√μ𝜖
=

𝑐

√μr𝜖𝑟
 

The plane wave solutions are  

𝑬(𝒓, 𝑡) = 𝑬𝟎𝒆
𝒊(𝒌∙𝒓−𝝎𝒕) 

𝑯(𝒓, 𝑡) = 𝑯𝟎𝒆
𝒊(𝒌∙𝒓−𝝎𝒕) 

The following Maxwell equations give 

𝛁 × 𝑬 = −μ
∂𝐇

∂t
                         𝛁 × 𝑯 = 𝜖

∂𝐄

∂t
 

 

𝐤 × 𝑬 = μ𝜔𝐇                         𝐤 × 𝑯 = −𝜖𝜔𝐄 

The third equation gives 

𝜔μ

k
= |
𝐸

H
| 

Since 𝑣 =
𝜔

𝑘
 

 

Wave impedance          𝑍 = |
𝑬

𝑯
| = 𝑣μ 

(In Acoustics the expression of wave impedance is given by  𝑍 =
𝑷

𝑼
 , where P denotes acoustics 

pressure and U denotes particle velocity)  

 

Also =
1

√μ𝜖
 thus 𝑍 = √

μ

𝜖
= √

μr

𝜖𝑟
𝑍0 

 

𝑍0 = √
μ0
𝜖0
= 377Ω 
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Skin Depth 

Consider the plane wave solution 

𝑬(𝒓, 𝑡) = 𝑬𝟎𝒆
𝒊(𝒌∙𝒓−𝝎𝒕) 

Substituting this solution in 

𝛁𝟐𝑬 = μ𝜎
∂𝑬

∂t
+ μ𝜖

∂2𝐄

∂t2
 

−k2 = μ𝜎(−𝑖𝜔) + μ𝜖(−𝜔2) 

k2 = μ𝜖𝜔2 (1 +
𝑖𝜎

𝜔𝜖
) 

Let 𝑘 = 𝛼 + 𝑖𝛽 thus k2 = 𝛼2 − 𝛽2 + 2i𝛼𝛽 

Comparing from above 

𝛼2 − 𝛽2 = μ𝜖𝜔2 

2𝛼𝛽 = μ𝜔𝜎 

Solving for 𝛼, 𝛽 we get 

𝛼 = √μ𝜖𝜔

(

 
√1 + (

𝜎

𝜔𝜖
)
2
− 1

2

)

 

1

2

 

𝛽 = √μ𝜖𝜔

(

 
√1 + (

𝜎

𝜔𝜖
)
2
+ 1

2

)

 

1

2

 

𝑬(𝒓, 𝑡) = 𝑬𝟎𝒆
𝑖((𝛼+𝑖𝛽)𝒏̂∙𝒓−𝝎𝒕) 

 

𝑬(𝒓, 𝑡) = 𝑬𝟎𝒆
−𝛽𝒏̂∙𝒓𝒆𝒊(𝛼𝒏̂∙𝒓−𝜔𝑡) 

Field amplitudes are spatially attenuated 𝛽 is a measure of attenuation called absorption 

coefficient or attenuation constant. Also vector field are propagated in the conducting medium 

with a speed 
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𝑣 =
𝜔

𝛼
=

1

√μ𝜖

(

 
√1 + (

𝜎

𝜔𝜖
)
2
− 1

2

)

 

−
1

2

 

For poor conductors/ Dielectrics 

𝜎

𝜔𝜖
≪ 1 

 

𝑣 =
1

√μ𝜖
(
1 +

1

2
(
𝜎

𝜔𝜖
)
2
− 1

2
)

−
1

2

=
2𝜔

𝜎
√
𝜖

μ
 

For most dielectrics 𝜎 and 𝜖 are a function of frequency while the term 
𝜎

𝜔𝜖
 is constant over the 

frequency range of interest. 

For Good conductors 

𝜎

𝜔𝜖
≫ 1 

𝛼 ≈  𝛽 = √
𝜎𝜔μ

2
 

The term 
1

𝛽
 , measures the depth at which the electro magnetic wave penetrating a conducting 

medium is damped to 1/e of its initial amplitude at its surface. The depth is called penetration 

depth.  

𝛿 =
1

𝛽
=

1

√μ𝜖𝜔

(

 
√1 + (

𝜎

𝜔𝜖
)
2
+ 1

2

)

 

−
1

2

 

𝛿 =
1

𝛽
= √

2

𝜎𝜔μ
 

Note that skin depth decreases with increase in frequency 

Application 

Induction cooker 
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Induction cooker requires ferromagnetic cookware so that the skin depth in the cookware is small 

and thus large current. The induction cooker works as a step down transformer. The voltage is 

reduced, the current increases. A thick bunch of copper wires is used beneath the glass ceramic 

surface. Lower frequency leads to deeper penetration. Shallow heating is desirable as head needs 

to go to surface.  

 

 

Exercise: 

1. 𝐸 =
1𝑉

𝑚
, 𝐻 =

0.01𝐴

𝑚
. Calculate Z. Ans: 𝑍 = 100Ω 

2.Co-axial cable: 𝑍 =
1

√𝜇𝜖
ln (

𝑏

𝑎
), given 𝑎 = 1𝑚𝑚, 𝑏 = 5𝑚𝑚 , 𝜖𝑟 = 2.3, 𝜇𝑟 = 1. Find Z.  

Ans: 𝑍 = 1.061Ω 

2. Find skin depth for copper given 𝜇 = 1.26 × 10−6 𝐻 /𝑚 

𝜎 = 5.8 × 107 𝑆 /𝑚 

𝜔 = 2 × 108  𝑟𝑎𝑑 /𝑠 

Ans: 𝛿 = 2.82𝑚𝑚 


