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Vector Analysis: Gradient, Divergence and Curl  

Cartesian Coordinates 

Gradient of (𝑥, 𝑦, 𝑧) : 𝜑(𝑥, 𝑦, 𝑧)  can be any scalar function like 𝜑(𝑥, 𝑦, 𝑧) = 𝑥2 − 𝑥𝑦 + 𝑧 

𝛁𝜑(𝑥, 𝑦, 𝑧) =
𝜕𝜑

𝜕𝑥
𝒊̂ +

𝜕𝜑

𝜕𝑦
𝒋̂ +

𝜕𝜑

𝜕𝑧
𝒌̂ 

 

Electric field E is a gradient of electrostatic potential V 

𝑬 = −𝛁𝑉 

It is only for symmetrical cases of V like for a point charge we can write 𝑬 = −
𝜕𝑉

𝜕𝑟
𝒓̂ or 

for a capacitor we can write  𝑬 =
𝑉

𝑑
 

 

Divergence (Rate at which a vector field diverges from a point) of 𝑨 = 𝐴𝑥 𝒊̂ + 𝐴𝑦𝒋̂ +

𝐴𝑧𝒌̂  ∶  𝑨 can be any vector with coefficients 𝐴𝑥, 𝐴𝑦 , 𝐴𝑧 as functions of x , y and z. 𝑨 =

(𝑥2 − 𝑥𝑦 + 𝑧)𝒊̂ + (𝑥3 − 𝑥𝑧 + 𝑥)𝒋̂ + (𝑦2 − 𝑦 + 𝑧)𝒌̂ 

 

𝛁 ∙ 𝑨 =
𝜕𝐴𝑥

𝜕𝑥
+

𝜕𝐴𝑦

𝜕𝑦
+

𝜕𝐴𝑧

𝜕𝑧
 

Curl( Circulation of vector field around a point) 

Curl of 𝑨 = 𝐴𝑥 𝒊̂ + 𝐴𝑦𝒋̂ + 𝐴𝑧𝒌̂ 

𝛁 × 𝑨 = ||

𝒊̂ 𝒋̂ 𝒌̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐴𝑥 𝐴𝑦 𝐴𝑧

|| 

Cylindrical coordinates (𝜌, 𝜙, 𝑧) 

𝑥 = 𝜌 cos 𝜙 𝑦 = 𝜌 sin 𝜙 𝑧 = 𝑧 

𝛁𝜑(𝜌, 𝜙, 𝑧) =
𝜕𝜑

𝜕𝜌
𝝆̂ +

1

𝜌

𝜕𝜑

𝜕𝜙
𝝓̂ +

𝜕𝜑

𝜕𝑧
𝒛̂ 

𝛁 ∙ 𝑨 =
1

𝜌
[
𝜕(𝜌𝐴𝜌)

𝜕𝜌
+

𝜕𝐴𝜙

𝜕𝜙
+

𝜕(𝜌𝐴𝑧)

𝜕𝑧
] 
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𝛁 × 𝑨 =
1

𝜌 ||

𝜌̂ 𝜌𝜙̂ 𝑧̂
𝜕

𝜕𝜌

𝜕

𝜕𝜙

𝜕

𝜕𝑧
𝐴𝜌 𝐴𝜙 𝐴𝑧

|| 

Spherical coordinates (𝑟, 𝜃, 𝜙) 

𝑥 = 𝑟 sin 𝜃 cos 𝜙 𝑦 = 𝑟 sin 𝜃 sin 𝜙 𝑧 = 𝑟 cos 𝜃  

𝛁𝜑(𝜌, 𝜃, 𝜙) =
𝜕𝜑

𝜕𝑟
𝑟̂ +

1

𝑟

𝜕𝜑

𝜕𝜃
𝜃 +

1

𝑟 sin 𝜃 

𝜕𝜑

𝜕𝜙
𝜙̂ 

𝛁 ∙ 𝑨 =
1

𝑟2 sin 𝜃
[
𝜕(𝑟2 sin 𝜃 𝐴𝑟)

𝜕𝑟
+

𝜕(𝑟 sin 𝜃 𝐴𝜃)

𝜕𝜃
+

𝜕(𝑟𝐴𝜙)

𝜕𝜙
] 

𝛁 × 𝑨 =
1

𝑟2 sin 𝜃 ||

𝑟̂ 𝑟𝜃 𝑟 sin 𝜃 𝜙̂
𝜕

𝜕𝑟

𝜕

𝜕𝜃

𝜕

𝜕𝜙
𝐴𝑟 𝑟𝐴𝜃 𝑟 sin 𝜃 𝐴𝜙

|| 

 

 

 

 

 


